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ABSTRACT
In this paper we give a definition of *“algorithm,” “finite algorithm,” “equivalent
algorithms,” and what it means for a single algorithm to dominate a set of algorithms. We
define a derived algorithm which may have a smaller mean execution time than any of its
component algorithms. We give an explicit expression for the mean execution time
(when it exists) of the derived algorithm. We give several illustrative examples of derived
algorithms with two component algorithms. We include mean execution time solutions
for two-algorithm processors whose joint density of execution times are of several
general forms. For the case in which the joint density for a two-algorithm processor is a
step function, we give a maximum-likelihood estimation scheme with which to analyze

empirical processing time data.

Keywords: Algorithm, synthesis, optimal, minimal, execution time, probability, random

variable, maximum likelihood estimation.



1 INTRODUCTION

It can categorically be said that no algorithm is unique. By this we mean that for a given
task, invariably more than one algorithm exists which will accomplish that task. One
strategy is to select one algorithm deemed generally superior to the rest, and to use that
algorithm exclusively. This paper examines an alternative strategy. We ask, given two or
more equivalent algorithms, is it ever possible to create a new derived algorithm whose
mean execution time is less than that of all of the original algorithms? If so, how can such
an algorithm be derived?

First we define clearly what we mean by the term “algorithm:”
Algorithm: An algorithm « is a pair (p,,7, ), where p, :Q—T isa Turing-

computable mapping of a countable set Q (tasks) into a countable set I" (outputs), and

7, Q— R isamapping of Q into the positive real numbers. The function p, specifies
the algorithm’s output p, (@) when presented with the task @ € Q. The function 7,
specifies the execution time 7, (a)) required to compute the output p, (60) Note that
under this definition, given a task @ € Q, an algorithm will always produce a definite
output, namely p, (a)) and will always produce this output after a definite amount of
time has passed, namely =, (a)) . We do not address procedures which are
nondeterministic or whose execution time is unpredictable.

Definition: We say that an algorithm  =(p,, 7, ) is finite if and only if 0< 7, (@) <o
for every @ e Q. Note that “a =(p,, 7, ) is finite” does not imply “ 7z, is bounded.” For

example, Quicksort and Bubblesort are finite.



Definition: We say that two algorithms a =(p,.7z,) and B =(p,.7,) are equivalent if

and only if Dom p, =Dom p, and p, (@)= p, (@) for every » € Q. Notice that
equivalent algorithms may require different times to process a given task. For example,
Quicksort and Bubblesort are equivalent.

Definition: Let {&;,a,, -+, & } be a set of equivalent algorithms. We say that o,
dominates {&;,a,,--,a} if and only if for every w € Q, 7z, (@) <7, (@) for every

i 6{1,2,"', N}.

Now suppose we are given a set of finite equivalent algorithms {al,az,---,aN } such that
no «, dominates {al,az,'--,aN } . Suppose further that there exists a probability space

(©,3,P) over Q such that o+ To s 7, are random variables. Let

5!

f :R" — R be the joint density of the random variables =, ,z, -,z

Ton Fapy

Definition of Derived Algorithm: From a set of finite equivalent algorithms

{ay,ay,+++,y }, and a given point (z,,7,,-,7, ;) €[0,%)" ", the function
[, ., a4l @y |: QT is defined as follows. For each
(20,75, 7y4) €[0,0)" ", we define the random variable

T ...;;N(lefz""aTN_l):Q_)R

as follows:



7, (@) weQ~S,
o, +7, (o) weS, ~S,
6 +7,+7, (o) weS,~S, (1)

ATy, 47, (@) @eSy,~Sy,

ATy, 7, (0) weS,
and

p., (@) weQ~S,
P, (0)  ®eS ~5S,

Pa, (a)) we S.2 ~S, @

[0‘1 |r1 &, |1'2 g |rN,1 ay ](w) =

Peay (a’) WESy , ~ Sy,
P, . (@) weS,

where S, ={weQ;r, <7, (0),7, <7, (®),7,<7, (o)} for I<n<N-1.Each S,

is the event consisting of the points @ € Q2 on which none of the algorithms «,,a,,---, @

n

completes processing within each algorithm’s permitted run time limit. The derived

algorithm is then defined to be the pair

(I:al |11 @, |fz rOyg |TN,1 aN:I’TiTal,ﬂ' Ty (Tl1T21"'|TN,1))-

aaaaa

T, o n (71,7574 ) (@) represents the time taken for the derived algorithm to

apfap ay

execute when presented with the task @, and [al l, @, oyl aN] represents the
derived algorithm’s output when presented with the task @ .
We may envision an implementation of this algorithm as follows. When presented with a

task @ € Q, a timer is started, and ¢, is applied. If ¢, has not completed by time z,, o,



is abandoned and «, is applied. If «, has not completed by time 7, +7,, «, is

abandoned and «, is applied, and so on. If «,_, has not completed by time

T,+7,+-+7y_,, oy, IS abandoned and ¢, is applied and (unlike the other algorithms)

is allowed to run without time limit. o, (@) is returned as output , where ¢, is the

algorithm which completed execution on the task w € Q).

The expected value (if it exists) of the random variable T_

given by the following

Theorem 1:

n=1

Proof: Recall that

7, (@) weQ~S
n+7, (o) weS ~S,
n+1,+7, (0) weS,~S,

LT+t Ty, + T, (0) ®weSy,~Sy,

AT+t Ty T, (@) weS,,

It follows immediately that

Ty (Tl’TZ"“’TN—l) is

Tyt

(3)



ETﬁmyﬁazy._’ﬂaN (71172,"'7%71)
=(Ex, [Q~5,)P(Q~S,)

+E(z,+7, (S, ~S,)P(S, ~ S,)

+E(7,+7,+7,]S, ~ S5 )P(S, ~ S) @

+

+E(7+ 7+ 47y 5+ 7, [Su s ~ S )P(Suo ~ Sus)

+E(71 Tt Ty, +7Z-fZN |SN‘1) P(SN_l)

This may be written as

+(E7raz|81 SZ)P(Sl S,)+(r,+7,)P(S, ~S,)
+(E7ra3|82 83)P(SZ~S3) -
+eot (r 47, + 47y, )P(Sys, ~ Sya)

+(E7z |SN_2 ~ SN_l)P(SN—Z ~ SN—l)

ON-1

Hr 4T, Ty ) P(SN—1)+(E7Z-0:N |SN71) P(Sy)
Telescoping sums yield

S (7750 74) =(E7, [Q~ S, )P(Q~S,)
+(Ez,, [, ~S,)P(S,~S,)

+(Ex,, [S, ~ S;)P(S, ~ )+

+(Ez,, ,|Su 2~ Su1)P(Sko~Sya) (6)
+(Ez,, [Sy1)P(Su1)

+7,(P (S, ~S,)+P(S, ~S;)+++P(Sy_, ~ Sy ) +P(Sy1))

+7,(P(S; ~ S5)+++++P(Sy_p ~ Syy) +P(Syy)) ++ 7y s (P(Suor))

Next,



T () =(E5, 2-5)P(2-5)

+(Ex,, [, ~S,)P(S,~S,) -
+(E”a3|sz ) ( 3)+ ( |SN—2 ~SN—1)P(SN—2 ~SN—1)
+(E”aN |SN_1)P(SN L)+5P(S)+5,P(S,)+ 47y 1P(Sy)

N-1 e N-1 (8)
+3 (7, [S0s ~ S0 ) P(Shs ~ Su)+(E7,, [Sut)P(Sys)+ X.7P(S,)
n=2 n=1

as desired.

2 CASE N =2 (TWO ALGORITHMS)

In this case

- <a><w>={ mal0) 7, (0)<n o

Fer: n,+7, (@) 7,< T, (@)

ET, . (n)=(Ex,|Q~S,)P(Q~S8)+(Ex,|S,)P(S,)+=P(S,) (10)
and

S,={weQr <z, (o)}, (11)
50

ET, . ()= (

7T, < rl) P(;rm1 < rl)+(( Ez,

2.1 ET, . (z,) WHEN JOINT DENSITY IS f, _ (x,Y)

7, <7za1)+rl)P(rl <7ra1) (12)

In this case,

ET. .. (7,)= ” Xt (x, y)dydx+ ”(rl +Y) - (x, y)dydx (13)
00

7 0



2.11 EXAMPLE

Suppose the joint density of completion times for the two algorithms is given by

fon (xY) =12xyexp(—(x+ y)z) (14)

Figure1. f_ _
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ET. -, (7,)= \/;(erf (7,) —1)(2'14 +377 ) -+ (rf’ + rl)exp(—rf ) +%\/; (15)
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2.12 EXAMPLE

Suppose the joint density of completion times for the two algorithms is given by



(16)

48xy exp(—4x* -3y

fﬂ'a,l oy (X' y)
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2.13 EXAMPLE

Suppose the joint density of completion times for the two algorithms is given by
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The minimum occurs at 7, =2.492.. Note that if 7, =2.492, then ET__ (7,)=2.854,

while Ez, =4.260 and Ex, =4.260. In this case the derived algorithm has better mean

execution time than either of the original algorithms. Its mean execution time is
approximately 33% less than that of either of the original algorithms.

Notation: In the following, wherever B,,B,,---,B,, is found in a context requiring a
Boolean expression, it means the conjunction B, AB, A--- A B,, of the Boolean

expressions B, B,,---,B,, .

11



1 B istrue
0 Bisfalse

{

Notation: In the following, if B is a Boolean expression, then (B)

o
x/V\A_b

[¢0]
O A O

In particular we define (a<x<b) ={

2.14 EXAMPLE

Suppose the joint density of completion times for the two algorithms is given by

(19)

(1<x<3)(4<y<7)

(5<x<8)(2<y<4)
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The minimum occurs at 7, =3. Note that if 7, =3, then ET_ _ (7;)=4, while

Ez, =4.25 and Ez, =4.25. In this case the derived algorithm has better mean
execution time than either of the original algorithms. Its mean execution time is
approximately 6% less than that of either of the original algorithms.

2.15 EXAMPLE

Suppose the joint density of completion times for the two algorithms is given by

f”alv”az (X’ y) = exp(_x - y)
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Note that for any choice of 7,, then ET, . (z,)=1, while Ez, =1 and Ez, =1.In

this case the derived algorithm has exactly the same mean execution time as do the

original algorithms, so a derived algorithm would be of no benefit.

2.16 ET, . (r,) DOES NOT ALWAYS EXIST

1
If we take f X,y)= , then
Tt (x.y) (x +1)2 (y+1)2
“ xf, . (xy)dydx +”(r1 +¥) T, . (X y)dydx=oo (21)
00 70

so in this case ET, _ (7,) does not exist.

22 ET, (z‘l) WHEN JOINT DENSITY IS OF THE FORM

fooa (y)=f. (X)f. (¥)

apap a a

ET”W”Q2 (1'1) = T Xf”m1 (X)dX + P(rl <7, )(71 +Ex,, ) 22)
0

= E(ﬂa1

7, < Tl) F’(;ra1 < rl)+(rl +Ez, ) P(rl < 7Z'a1)
23 ET, .. (7,) WHEN JOINT DENSITY IS OF THE FORM

_ 1+ax+by+ox’ +dy?

f y)= y—
%,%(X y) l+a+b+2c+2d exp( X y)

_1+ax+by+ox’ +dy?

If 0<a,b,c,d then f”ulﬁuz(x, y)= Trarbsocsad exp(—x—y) is a density

function over (x, y)e[0,20)x[0,0). Accordingly,

_1+2a+b+6¢c+2d —(2cr, +a-b+4c—4d)exp(-7,)

(23)
l+a+b+2c+2d

ET;z'ul oy (Tl )

14



24 ET, (z‘l) WHEN JOINT DENSITY IS OF THE FORM

()= B3 Sd(mn) (M2

(1+x)"(1+ y)3 ey (1+ x)m+3 (1+ y)n+3
If 0<d(m,n), 0<c, c+> > d(m,n)=1, then

= (m+2)(n+2)
(1+x) (1+y) e Lx) (1 y)

(24)

ET(Tl):%id(1,n)+iLid(m,n %S d(0n

s —m+lig 1+r1 1+rl e

+i L mi( L d(m-2,n)-

m=2 (1+ Tl) n=0 n+1

(25)

d(m-1, n)]+c In(1+7,)

2.5 ET”WZQ2 (z‘l) WHEN JOINT DENSITY IS OF THE FORM

N

Fers, (x,y)=>_k, (a,<x<b,)(c,<y<d,)

n=1
N
Theorem 2: If "k, (b,—a,)(d,-¢c,)=1and 0<k, for n=12,---,N, and
n=1
N

f”oqv”az (X' y):zkn (an S X< bn)(cn < y< dn)1 then

n=1

15



2 kn (bn _an)(dn _Cn)
n=1
—|—2'1 rlﬁanN
+ > k(b —%(d, +¢c,))(d, —c,)
n=1
a,<n;<b,
+% i kn (bn_an)(dr?_cr?) (26)
T?S:;,ﬂ
+1 i K, (b, (d, +c,)—-a%)(d, —c,)
n=1
a, <n<b,
33k (b ) ¢, —c,)
bn;'l

N

N

Notation: In the following, if B(n) is a Boolean expression, then »"s, =>"(B(n))s, .
n=1 n=1
B(n)

N
Proof: If "k, (b, —a,)(d,—c,)=1and 0<k, for n=1,2,---,N, then

n=1

N
fom, (XY)= >k, (a, <x<b,)(c, <y<d,) isadensity function over

n=1

(X, y)€[0,20)x[0,0). Now note that

JT o (y)ayax [ [(m4y) L (%) dyax
00

7 0

7

© N
Ikan (a, <x<b,)(c, <y<d,)dydx
"~ 27)

N

00
+J'J'(rl+y)2kn(an <x<b,)(c, <y<d,)dydx
7 0

n=1

16



7) 0

Hkx (a, <x<b,)(c, <y<d,)dydx
0

”kn (z,+Yy)(a, <x<b,)(c, <y<d,)dydx
17,0

Mz

0

+
:MZ E

1

N I
=>k,(d,-c )J'x(an <x<b,)dx
n=1 0

oo d,
+ZN: nJ.(an <x< bn)dxj(r1+ y)dy
=l g Cn

n=1
N o0
+an'[(an <x<bn)dx[(rl+2d”) —(Tl+2C ) J
=l
N Gt
= > k,(d, —cn)'[x(an <x<b,)dx
n=1 0

e
A s
WS

+1 > k,(d —cn)(211+cn+dn)j(an£x<bn)dx

n=1 71

+1 >k, (d, —c,) (27, +c, ern).f(an <x<b,)dx

n=1 51

17

+1>"Kk, (d,—¢,)(27,+¢, +d,) [ (a, < x<b,)dx

(28)

(29)



et 0
+Z; kn(dn—cn)fx(an <x<b,)dx
n= 0

N ©
+1 > kn(dn—cn)(211+cn+dn).[(an <x<b,)dx

=8,

N ®©
+1 > kn(dn—cn)(21-1+cn+dn)_|.(an <x<b,)dx

a2r=ll<b E
N

= > k,(d,-c, jxdx+2k (d, —c, jxdx
=1

an211<b % b<r1

+%ZN:|<H d,—¢,)(2z,+c,+d,) j1dx

N by
+1 >k (d,—c,)(2r,+c, +d,) [1dx
an21':ll<bn i
N N
= Z kn (dn _cn)(%‘[l2 _%ar?)-i_ z I(n (dn _Cn)%(bn2 _ar?)
a, <nr:11<bn b: il (3 O)
N
+4 >k (d, —¢,) (27, +¢,+d,) (b, —a,)
n=1
N
+1 Yk, (d,—c,)(27+¢, +d,)(b,—7)
n=1
a,<7n;<by,

18



(31)

)(dn _Cn)

> k,(b,—a,)(d,—c,)

(32)

')

C

2_
n

In particular,

19



n=1
a,<a;<b,
N
Z Ky (bn _an)(dn _Cn)
n=1
‘a, aisanN
+ Y k(b —%(d,+c,))(d, —c,)
n=1
a,<a;<h
+%i kn (bn_an)(dr?_cr?) (33)
ace,
+1 i k, (b, (d, +c,)-aZ)(d,—c,)
Sty
+% i kn (brf _ar?)(dn _Cn)
n=1
b, <g

by
i kn (bn _an)(dn _Cn)
n=1
-I-bi bisanN
+ > k(b —%(d, +c,))(d, —c,)
a, Qb:,l<b
+%ZN:kn(bn_an)(d§_C§) (34)
hea
+1 i kn(bn(dn+cn)—a§)(dn—cn)
angt:l<bn
+% ZN: kn (br? _ar?)(dn _Cn)
n=1
b, <b;

It is straightforward to show that ET_ _ (z,) attains a global minimum at one of the

7[[12

points {a,,a,,---a,,b;,b,,---by } . Indeed, ET, _ (7,) isa continuous, piecewise

20



quadratic function. Notice that the set of points of connection of the pieces is a subset of
{a,,8,,---ay,b;,b,,---by } . Each piece is either linear or is quadratic with a negative
second derivative. We can thus replace each quadratic piece with a linear piece
connecting the endpoints of the quadratic piece, without altering the global minimum of

ET (z‘l). After replacing each quadratic piece with the appropriate linear piece, we

Toy Ty
then have a continuous piecewise linear function whose global minimum is the same as

that of ET, . (7). But of course the global minimum of a continuous piecewise linear
function is attained at one of its vertices. These vertices are a subset of the set of points of
connection {a,,a,,---ay,b,,b,,---by }, as desired.

This global minimum is given by

ET”ai'”az (al)' ET””I’”U’Z (a2)1.“’ ET”oqv”az (aN ) (35)
’ET” . (bl)’ ET”a 7z, (bZ)’“.’ ET”Kq‘”az (bN)

atap 17 az

min

This minimum can be computed in O(N?) time.

MAXIMUM LIKELIHOOD ESTIMATION

N

Suppose f, . (xy)=2 k,(a,<x<b,)(c,<y<d,)

n=1
with the following conditions:

1.k, >0 forl1<n<N,
2.a,<b, for1<n<N,
3.c,<d, for1<n<N,

4. The boxes B, =[a,,b,)x[c,.d,) for 1<n < N are disjoint,

n?’™=n

21



N

5 > k,(b,—a,)(d, —¢c,)=1.

n=1

Then f_ _isajoint density function.

Suppose next that we have observed the performance of two equivalent algorithms «

and £ over a (finite) sample set Q. < Q. That is, for each task @ € Q, we have
observed the values 7, (w) and 7, () representing the time that algorithms o and S

actually took to process the task @ . We now present a maximum-likelihood procedure to

find the “best fitting” joint density function of the form

N

L (x,y)=>k,(a, <x<b,)(c, <y<d,),

n=1

subject to the five conditions above. Let {(x,Y,),(X,,¥,),++(X». ¥, )} be the data
observed, where x; and y; are the durations required by algorithms « and g

respectively, to process w; e Q, for 1< j<P , with P = |QS| . Our performance function

is defined as
P P N

g(k11k2"”'kN)EH f”allﬂaz (Xm!ym):Han (an < Xm <bn)(cn < ym <dn): klslkzsz kliN
m=1 m=1 n=1

where

S| E‘{(X1 y)e{(xl’yl)’(XZ’yZ)"“’(XP’yP)};aj <X<bj,c; < y<di}‘

We form as usual the Lagrange multiplier equations

28, %+(bj —a;)(d; —¢;)=0 for 1< j <P. We have immediately that

22



and recalling the constraint

N

1=) k,(b,~a,)(d,~c,)

N
S
ET” ”2(T1)=Tl _% z n (dn_cn)
angrzll<b P(bn_an)(dn_cn)
N
S, ~ )
;P(bn_an)(dn_cn)(bn an)(dn Cn)
+7; Tl_anN
S
N b,—%(d d —
; P(bn_an)(dn_cn)( ! 2( n+Cn))( n Cn)
a, <n<b,
N
1 S, .
2 b —a )(d?-
o ; P(bn_an)(dn_cn)( ! an)( n C”)
N
1 S, 0 (4 ) )
" ”Zzl: P(bn_an)(dn_cn)(n( n+Cn) a)(dn Cn)
a,<7;<b

23




n= (bn_an . Sn
ay<n<h, ) + zl P(bn_an)(bn—%(dn+cn))
a, <n<b,
NS N S N g
+%§F”(dn+cn)+% Zl: P(bnn_an)(bn(dn+cn)—an)+%n2113"(bn+an)
n<a, a,<r;<b, b, <
N N 1
ET, , (n)=-&7 z S, +7,— ZSH+ z S, b, =5 (dy +C,)
"”2 R e T = S n e

+L i bsn (bn(dn+cn)—a§)+$ZN:Sn(dn+cn)+%isn(bn+an)

n=1 n - an n=1 =
a, <z <by, n<a, b, <7y
3 CONCLUSIONS

In this paper, we asked the following questions: Given two or more equivalent
algorithms, is it ever possible to create a new derived algorithm whose mean execution
time is less than that of all of the original algorithms? If so, how can such an algorithm be
derived?

By giving examples in Section 2, we have shown that the answer to the first question is

“yes.” In Section 1, we gave an explicit construction of the derived algorithm.
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