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Each vector in R™ can be expressed in the form (a,,a,,---,a, ) with each a, real. (Here
and in the following we assume N is a whole number not less than 2). We define the cycle of a
vector (a,,a,,---,a,) to be the vector (a,,a,,---,ay,a,). If we begin with a vector, cycle it,
cycle the result, and so on, we will eventually return to the original vector, having "generated" at

most N —1 cyclic companions. For example the vector (0,0,1,0,~--,0)eRN has N -1 cyclic

companions, while (11,---,1) e R"™ has none.
The purpose of this paper is to answer the question, under what conditions does a vector
in R" together with its cyclic companions form an orthonormal basis for R" ? We call such a

vector a cyclic orthonormal generator in R"™. Henceforth in this paper we will use the

abbreviation cog. Note that any cyclic companion to a cog is itself a cog.
Are there any nontrivial examples? Yes; with some early trial and error the author found

that —,—,—l and its cyclic companions g,—l,g and
33 3 3

33

(_—,—,—] form an orthonormal
333

basis for R*. This led to a more systematic search with a computer, and features of many cogs
found by computer inspired this paper.

We begin by introducing the following

Notation: For any integer n, let (n) be the unique integer satisfying



(n)* =nmodN .

This notation permits us compactly to define the characteristic property of a cog in R". The
cyclic companions of such a vector (ai,az,---,aN) are just the vectors (a(m)*,a(m)*,---,a(NH)*)

where s e {1, 2,...,N —1} . By means of the summation formula for dot products, it is immediately

N
seen that a vector (a,a,,-+-,a,) is a cog in R" if and only if > aa,.,.=d for every
j=1

€{012,...,N-1}.
Next, suppose (a,,a,,---,ay ) isacogin R". Then define for

€{012,...,N -1},

and

Lemma 1. (C,,S,) lies on the unit circle for each ne{0,1,---,N -1}.
Proof: Fix ne{0,1,---,N —1}. Then

Cr+Sk=(C,+iS,)(C, +iS,)

[iaj [cos(ﬁ_%“ 1)j+isin(%—%(j—1)m
(o 2 2]
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k=j+smodN

= 27NS .\
- xp| == j . .
€ p( N j;ala(jw)

which by our assumption that (a,,a,,---,a, ) isacogin R",

Thus C2+S? =1, and thus (C,,S,) lies on the unit circle.

Note: The following proofs will employ the formulas

Nzlcos(zma+6j{l\l cosé (Nla)

= N 0 —(Nla)

and

N-1 Nsing (N |a)
Zsin(ZﬂnaJrej: (

n=0 N O _|(N|a.)

where a is a nonzero integer. These are obtained as special cases of equations 361.9 and 361.8,

respectively, in [1].



Theorem 1: If (a,a,-,a,) is a cog in R, then there exist {6,}"  such that for

ke{l,2,-,N},
N-1
a, :ﬁ cos(@(k—l)w?nj.
N &= N

Proof: Suppose (a,,a,,---,ay) is a cog in R", and choose {6 }an such that

n

ne{01--,N-1}
L T 2zn,.
0. =Y a cos| Z-"1(j-1
cosé, jZ;ajcos(4 N (i ))
: L (7 27an,.
sm6’n:§ajsm(z—T(1—1)j.

Lemma 1 guarantees the possibility of such choices. Fix k € {1, 2, N} . Then

N-1
ﬁ cos(%(k —1)+0nj

N-1 N-1
= QZCOS[@(k —1)Jc059n ——ZZSin(@(k —1)jsin 6,
N N N & N

N & N ~ 4 N
NPE 27N N 7 2zn

Ve N g sin| 2o
N nOsm( N ( )j;ajsm( N ( )J

\/E N N-1 27N )
:WZaj COS(L(k—j)+%J

which by formula and the observation that N ‘(k —j)onlyifk=j,

for



for some {4, }" .

At this point a natural question is, what conditions must the {en}:‘j satisfy? An interesting
property is demonstrated by the following

Lemma 2: If (a,,a,,---,8, ) isacogin R",and {gn}:“ol are such that for ne {0,1,---,N -1},

N
cosd, = ,Z:‘aj cos(%—%(j —1))
and

: & . (7 27n,.
6 _2 _ 22 (i-1) ],
SING, jzla] sm( N (j )j

then
T N
Z mod 2z Ya =1
0, = =
N
5—”m0d27r [Zaj=—1]
j=1
and
0. +0, . E%mOdZﬂ' for ne{1,2,--,N-1}.

Proof: Fix ne {1,2,---, N —1} . Then note that



cos (6,

n

= ZN;aj cos(%—%(] —1)];'}% COS(%‘W(‘( _1)}

T 27Z'(N—n)

gaj sin(%—%(j—l))iak sin(z—T(k—l)]

+0,_,)=c0s6, cos6,_, —sind, sin, _,

=1 k j=1 k=1
RSN 27ns
= Za(m)xak sin——

s=0 k=1

. 27zns & . 27ns
—an— ak:ZSln—éos:O

N (k+s)

s=0 = s=0

Thus

cos(6, +6y_,)=0.
Next, note that

sin(8, +6,_,) =sing, cos,_, +cosé, sinb,_,

= iaj sin(%—%( j —1))iak cos[%—@(k —1)]

which since k —1 ranges over whole numbers,



o 27ns
=>>a .a.c0s———
(k+s)
s=0 k=1
o 27ns ¢ ~ __27zns
=Q cos——>a .a =) cos——3 =c0s0=1.
s=0 N = ( * ) s=0 N
Thus

sin(6, +6,_,)=1.
Since cos(8, +6,_,) =0, we infer immediately that 6, +6,_, z%mod 27, as desired.

To complete the proof, we now demonstrate the possible values of 6.

First note that

N

cos o —ia cosZ—LZa
0 j=1 J 4 \/E ]

=L

and

sing, = Za sm Z -

We see immediately that cosé, =sing,. This implies

i1

N
5Tﬂmod 2 [Z a = —1]

j=t

T N
Zmod27z Da =

and the proof is complete.



Corollary: If (a,,a,,---,ay) isacogin R", then Za =

=1

We have so far shown that any cog in R" can be expressed in a canonical form (as in the

statement of Theorem 1) using {6 }::_01 such that HOE% or 5T7Zmod27z and

n

6,+6, =

n

mod 27 for ne{1,2,---,N-1}.

NN

Example: Recall the cog (E % —%) We now use Theorem 1 to put this cog into canonical

form. To do this we must find appropriate values for 6,, &, and &,. In this example we have

2 2 1 TR z
a=—,a,=—,and a, =—=. This implies Zaj =1, hence 6, =—. Next,
3 3 3 = 4
cosd, = gcos (£)+gcos(—5—”j—lcos( 13”) 0.965926
3 4) 3 12) 3 12

sing, = %sin (%} +§sin (—5—”j —lsin (—13—”) ~-0.258819 hence € ~6.021386. Next,
cosé, = gcos (zj +gcos(—13—”j —lcos(—zg—ﬁj ~ —.258819
3 4 1 12

sing, = %sin (%)Jr%sin(—lf—:j—%sin (—2;9—2”) ~.965926 hence 6, ~1.832596 .

Theorem 2: If we define

-1

:_Zcos(zﬂn ~1)+ enj for ke{1,2,---,N},

where 6, E% or ST”modZn and 0, +6,_ s%modzn for ne{1,2,---,N -1},

then (a,,a,,---,ay ) isacogin R".



N-1
Proof: Define a, :£Zcos(27Nm(k -1)+ 9) for k e{1,2,--+,N}, with {6,}" chosen so as

to satisfy the conditions 4, s% or 5Tﬁmod 27 and 0, + 6, _, s%mod 2z for ne{1,2,---,N-1}.

Now fix s e {0,1,---, N —1} . Observe that

which since (j+s)* =(j+s)modN and m is an integer,

» cos(zN (j-1)+ 9n+2”Tm(j—1+s)+emj
NZZZo 2

= +cos(2N (j-1)+ an—%m(j—us)—emj

cos[%(n+m)(j —1)+27[Tms+0n +<9mj

n=0 m=0 j=1 —I—COS(%(n_m)(j_l)_ZﬂTms—i_e“ —emj

cos(%(n+m) j +27sz5+0” +49mj

1 N-IN-1N-1

2
N n=0

0

3
I

=0 +cos(2ﬂ(n m)j—z—ms+6’ 9j
N N

Before continuing with the computation we make several observations based upon the

summation formulae quoted earlier from [1].



The internal sum

Zcos( n+m j+2TS+(9 +6 j vanishes unless N‘(n+m),

i.e, n=m=0 or n+m=N. In case n=m=0, the sum is easily seen to be Ncos26,=0 by

our assumption on g,. In case n+m= N, the sum s

S ( . 27xms
D cos| 27 j+

j=0

=0 2

N-1
+0, . +¢9m) = Zcos(an + Z%ms +£j

since j takes on integer values and &, +6,, z% by assumption.

This sum reduces further to

N-1

N -
D - sm(27z1+ ”mSJ z N sin 27szs.

j=0 =0

Thus

N

. 2zxms
2zrm —Nsin
ZCOS( n+m)j+Ts+9 +6 )

0 (n+m=N)

(n+m=N)

Next, the internal sum

Zcos(%(n —-m)j— 27ers +0, —emj vanishes unless N ‘(n— m),
j=0

i.e., n=m. In this case the sum reduces to
27ms
N cos il
Thus




Recall that

n=0 m=0 n=0 m=0
n+m=N n=m
N-1 _2z(N-n)s 1 & 27N
= —ZZ—N sin —ZZ Nc
n=0 n=0

14 27(N-n)s 1% 2zns
=—=Ysin—————+ =% cos——
N N N< N

1 N‘l_ ) 27rns Ni 27zns
N n=0 =0

N-1 N-1
:— sn@ 1 cos@:i0+iN5OS:5oS
N N N N

N
Thus Y a,a...=0;. Since we fixed an arbitrary se{0,1--,N-1}, by definition
j=1

(a,a,,-,ay) isacogin R".

Definition: If (a,,a,,---,ay ) isacogin R", and {en}::_ol is such that

N-1
a, :%Zcos(zzn(k -1)+6, j for ke{1,2,---,N},

then we call {6,}" " a representation of (a,,a,,-,ay ).

Naturally we ask: does a given cog in R" have more than one representation? The answer is

found in



N-1
n=0

Theorem 3: If {#,}  and {rn}::’ol are representations of a cog in R", then 6, =z, mod 2z for

ne{01,--,N-1}. Conversely, if {6,}" is a representation of a cog in R", and 6, =z, mod 2z
for ne{0,1,---,N -1},
then {z, }:'j is also a representation of the same cog.

Proof: Suppose (&,a,,--,a,) is a cog in R", and suppose that {¢,}" ~ and {z,}"  are

NJ)n=0 n=0

representations of (&,a,,---,a,) in R". Fix ke{L,2,---,N}. Since {6,}"

. Is a representation

of (a,a,,---,ay) in R", we have by definition

N
cosd, = a, cos(%—znTm( j —1))

j=1

and

: A . (7 27m .
6 _2 _ 2220 (i-1) .
sSIing, t';’tJ sm( N (j ))

=1

Since {z,}" " is a representation of (a,,a,,-,a, ) in R", we have by definition



: s . (x 27zm, .
sinz, =) ajsm(4 N (i )]

j=1
Hence it is immediately seen that

cos@ =cCost,

and

sing,_ =sinz,_,

Since we fixed an arbitrary me{0,1,---,N -1} , it follows that

6, =7, mod 2z for ne{0,1,---,N -1}.

For the converse, suppose {en};tol is a representation of (a,a,,---,a,) in R", and

6, =7,mod 2z for ne{1,2,---,N-1}.Fix k e{1,2,---,N}. Then

Fix me{0,1,---,N -1} . Since by hypothesis 6, =z, mod 27, we have immediately that

cos[ZETm(k —1)+6?mj = cos(zﬂTm(k —1)+rmj.

and the proof is complete.

CONCLUSIONS

In this paper we give a definition of cyclic orthonormal generators (cogs) in R". We give a
general canonical form for their expression. Further, we give an explicit formula for computing

the canonical form of any given cog. We remark in closing that for a given choice of N >3, the



set of cogs in R" is homeomorphic with the [x:|-manifold {Z,%}x[0, Zn)t%. This manifold
can be regarded as the union of two non-intersecting |~ |-torii.
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