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ABSTRACT

IT the coefficients of polynomials are selected by
some random process, the zeros of the resulting polynomials
are 1In some sense random. In this paper the author
rephrases the above iIn more precise language, and
calculates the joint conditional densities of a random
vector whose values determine almost surely the zeros of an
associated reduced cubic equation. The result of the
calculations is a pair of functions which In some sense
represent the “distribution” of the zeros of a “random”

reduced cubic.



INTRODUCTION

General Problem: We consider the random function

9:CxQ—>C given by o(z,0)=2*+&(w)z+4(w) , where (Q,3,P) is a
probability space, and ¢,5,:Q—>R are real random variables
on Q with continuous joint density f:RxR—>R. We can view

¢ as a fTunction which associates with each point weQ a
reduced cubic with real coefficients. A well-known result

in the theory of equations gives the following information

about the roots of Z’+&(w)z+é&(w):

it 4 + 7 >0, then there are exactly one real root and
2 3
two conjugate imaginary roots; if GZZ@X+é;;ﬁ::O, then there

are three real roots, two or more of which are equal. If

§lo) glw)

4 + 7 <0, then there are three distinct real roots.

These three conditions define a disjoint partition of Q
into three events, ®, §, and ¥ respectively. Since § is
a zero-probability event, we will neglect it and be
concerned only with the events ® and K, both of which we

assume have nonzero probability. We will then calculate the

densities h(xy|lp) and h(xy|k), corresponding to the joint

conditional densities of R" relative to the hypotheses @

and ¥ , respectively, where R:Q—>RxR is a random vector



on Q whose values for each weQ determine almost surely

the zeros of the polynomial z°+é&(w)z+&(w) .-

Relation to Existing Literature: This thesis 1s an

extension of a paper by John W. Hamblen [5] which describes

the solution of a similar problem in which the random
function ¢:CxQ—C is given by o(z,0)=2*+&(0)z+&(0) -

Definition of the Random Vector R”

We define R":Q > RxR
R*:a)H(Rl*(a)),R;(a)))

to be the function given by

R ()= {Re(2);0(z,w)=0,z¢ R} if 5222“’)+ 132(70))>0
maX{Z;go(z,W):o} if le(la))_i_ 12(7(0)<0

{Im(z2);p(z.w)=0;z¢R} i

max{z;¢(z,w)=0,2 <R[ (@)} if

In short, if we choose weQ and @ 1Is such that

2’ +é(w)z+E(w) =0 has one real and two complex conjugate
zeros, then we define the first and second coordinates of
R'(w) to be the real part and the absolute value of the
imaginary parts of the complex conjugate zeros. If for our
choice of o the polynomial Z°+&(w)z+&(w)=0 has three

distinct real zeros, then we define the first and second



coordinates of R(w) to be the largest and the next largest

of these zeros. These two requirements define the value of

R'(w) for all @ eQ such that 1 T o7 #0, so R is

defined almost surely on Q.



CALCULATION OF CONDITIONAL DENSITY h(x,y|D)

The calculation of the conditional density h(xy|D) can

be made much simpler by defining random variables A and B
as follows and computing the joint density of A and B with
respect to the event ®. Then the functional relation

between the random variables A and B and the random
variables R and R, is exploited to calculate the joint

conditional density of R| and R, with respect to @ .

The Joint Density g,,(xy|D)-

&lo) §lo)

IT wcQ i1s such that 4 + 27 >0, then the general

solution of the cubic equation yields

2 2 4 27 2 4 27
and
0 V3] cle) [Ele) £ 3J§<w> E(o) &)
Rz("’)_T{\/ 2 +\/ 4 21 72 _\/ 4 27}
Let A(a)):%R;(a))—Rf(a)) and B(a)):—%R;(w) R (). We may

calculate the joint density of A and B under the

hypothesis >0, which was denoted by ®. In the

(o) E(o)
4 T



following we assume 0<P(®)<1. We may write A and B

explicitly as

Proposition: If x>y, then

P(A<Xx,B<y,D)= P(—x3— V<& <—2y33y iy & <& <3x «3/x3+§2)
P[—2y3S§2<oo,—3 \/g<§ <3x 3x° +§2J

Proof: Suppose x>y . Then

P(A<x,B<y,®)=P(A <x,B’<y’ D)

2 3 2 3
P —é+ ég—2+6’5—1<x3,—é— Sg—2+§—1<y3,@
2 4 27 2 4 27
=P ‘/§—§+§—13<x3+é,—é—y3<,/§2 & D
4 27 2 2 4 27

=P(—é—y <0, 952 éz—13<x3+é,—é—y3’< & 951 J

2 27 2" 2 4 a1

+P[_§_y>o 2.8 6.8 b s B8 ]
2 27" T2 427
2 VTR

2 3 2
+P —§Z—y3>0, —2+§—1<x3+é,(—é—y3) <§2 & ,D
4 27 2 2 4 27’



2
(§2+2y <0682 9513<(x*°’+éj ,(é+yj é52+§—1x +§2>0,(D]
27 2 2 4 27 2

Pl & +2y° >0 <x +EX,E > -2%° @]

2 3 2
=P §2+2y320’§_2+§_1<(x3+é] X +é>o’@
4 27 2

+P( < 2y3 51 <xX°+EX, Y+ &Y° <§l &, > 2% @j

= P(§2 >-2y°%, &, > -2x°, & < 3x X +.§2,(D)
+P(—2x3 <& <2y 3y YyP+ &, <& <3x X +§2,(D)

Now 3y3/y*+& <3x§x*+¢&
=27y (Y + &) <27x(x*+ &)
ey +aly) < () +&(x)

2 2

=N (y3)2 + 52()’3) +%< (x3)2 +§Z(x3)+%

=lyed) <beed)

ol +El<le 4

ole 2y <|g +2x

& &, is farther from -2x° than from -2y°.

Since x<y, then -2x*<-2y® so 3y§/y3+§2<3x§/x3+§2 only if

-x*-y*<¢&,. Thus we continue the above equalities:



- p(g2 > 2y & > 2%, & < 3x X +§2,@)

+P(-20 <& <2y X -y <53y YV + & <4 <X Y E,0)

Now since x<y, it follows that -2x’<-x’-y® so above

= P(fz >-2y°, &, > -2%°,& < 3x X’ +§2'@)

+P(_X3_ ys <§2 <_2y3:3y \ls y3 +§2 < 51 <3x SV X3+§2'(D)

2 3
Now ® 1is equivalent to the event %+%>0, which in

2
turn i1s equivalent to §1>—331I%2 so above

2
= P[gz >-2y* & > -2x°,-3 i/%< & <3x 3x° +§2,(DJ
2
+P[—x3 —yi<é, < —2y3,max{—3 i/%sy 3y° +.§2J< £ <3x Yx° +§2,@]

2
Now we claim that —313/%£3y%/y3+§2 . For suppose that

2
—33/%>3y§/y3+§2 for some y,& . Then

—27[%] >27y° (Y +£,)= 0527y (y* + &, )+ 27[%] =0 >(y3 +%2j

which is a clear absurdity.

2
Thus max(—331/%2,3y31/y3+§2J:3y§/y3+§2 so above



=P| & >-2y% & > -2x°, 3Vﬁg_<§ <3x3/x° +§2]
X? <§2 _2y 3y\/y +§2<§1<3X\]x +§2)

F{gz (~2y*-2x) 3%/5@5 <3x3/x’ +52J
P( X' =y <& <-2y° 3yRlY’ + &, <& <3x3)X +§2)

3

Pl-—

+

+

3

Now x>y, so —-2y*>-2x*, hence nmxﬂzyf—zﬁ)z—Zy- So above

=P[—2y3S§2,— \/g<§ <3x{/x’ +§2}
.+PLX3—y3<§2<—2yf3yﬂy3+§2<éi<3X%X3+§z)

and the proposition Is proved.

Claim: P[—Zyssgw—B#E::<§l<3xdx +§2J T Ifﬁnukwdu
_2y3 _3\/¥

Proof: We need only to show that —3J <3xVx-+u for
e[—2yfuﬂ- Note that we always have the iInequality
u) u’ u’ u’

(x3+§) >0, hence x6+uxy+7r20, )@@3+u)2—1{, xﬁx”+u2—3ii,

2

3x%x3+u;z—33%r as desired.

Claim:

-2y® 3x3x3+u

ﬂ%ﬁ—y3£§<—2W3yﬂW+fz<§<3xﬂﬁ+§J: I jf@yhmu

-x*-y? 3y3/y31u



Proof: As before, we need only show that -x’-y’<¢, <-2y® and

that —-x*-y®<¢, <-2y° implies 3yd/y’+u<3xix’+u . Since x>y,

3

then x*>y®, and thus —y*>-x*, implying -x’-y*<-2y’. Next,
it —x*-y’<u<-2y®, then y*-x*<u+2y*<0, hence

‘u+2y3‘ :—(u+2y3):—u—2y3 S—(—x3 -~ ys)—2y3 =X -y =-x*-y*+2x* <u+2x°
Hence ‘u +2y3‘ <u+2x°
:>(u+2y3)2 s(u+2x3)2

2 2
:>(y3+ﬂj g(x3+gj
2 2

u’ u’
= y6+uy3+73 x6+ux3+7

= y*(y*+u)< x*(x*+u)

= y3/y*+u <x&/x° +u

:>3y%/y3+u <3x3/x*+u, as desired.
Thus we have proved the following

Proposition: If x>y, then

-2y® 3x I+ o 3x é+u
P(A<x,B<y,q)):I I f(v,u)dvdu+j I f (v,u)dvdu
=y’ 3y {yP+u 4y343#§

We now use this last proposition to determine P(A<x,B<y,D)
for x<y. Note that A(w)>B(w) for every weQ, hence

{0;A<x,B<y,0}={w;A<x,B<x,®} when x<y. Thus if x<y, then



P(A<x,B<y,®)=P(A<x,B<x,®). From the previous proposition,

© SXM
we see that P(A<x,B<x,®)= I j f(v,u)dvdu which gives the

_ox3 2
2X _33LL
4

next

Proposition: If x<y, then P(A<x,B<y,®):j j f (v,u)dvdu

Proposition: If x<y, then %P(A<X,B<y,(1))=

Proof: The previous proposition shows that if x<y, then
P(A<x,B<y,D) is independent of y.

Proposition: If x>y, then

6y +3u (3y ’—y U u)

2 y3

iP(A< x,B<y,®)=

-x-y? (y +U)
Proof:
P 0 -2y° 3x Ié+u o % ax Y+u
—P(A<x,B<y,D)=— J' I f(v,u)dvdu+—j j f (v,u)dvdu
0y o =y’ 3y Iy’ eu 6y_2y3 agv®
4

ZJ' 433’—) Vy+uf(3y,/y +u ubu+ y yV 2y3)dv

+- m
XW ><3x3 3

_i(_xfﬂ_ys)a If(\y/, X —y )dv 3 J‘ yv -2y )dV

% 3y +(-3-y?) 2y’

10



3 3

2 x3[x3-2y®
<] ey Tibarkeo
o y u 3 -3y?
x3\/x3_73
_(_6)/2 )3 I ;y(v,—2y3)dv

_3y2

,2y3

- J3_Z/)j%u3)gf(3y§/y3+u,u)du, as desired.
Sy

2
Proposition: If x<y, then

P(A<x,B<y,D)=0

OXoy

2
Proof: aiay P(A<x,B< y,@):%{a%P(A< x,B < y,q))}:ﬁ[o]:o ]

Proposition: If x>y, then

692
oxoy

P(A<x,B<y,®)=9(x-y*)f(-3xy ,—x’-y°).

Proof:

2

0| o
P(A<x,B ,D)=—1—P(A<Xx,B<y,®
Py (A<x,B<y,D) ax{ay (A<x,B<y )}

_9 _ZJ'y _6y3+3ul f(3y «3/y3+u,u)du

X -3y (y3 + U)3

:_4—”—V”{_6W+39X“‘¢4¢@y#ﬁ+G»@—Wlﬂw’—fﬁ

N

- _(— 3x2>{— 3y’ _23)(3 } f (— 3xy ,—x* — y3)

X

= 9(x3 — y3)f (—3xy A y3)
Thus the conditional density of A and B with respect

to ® 1s given by

11



I V- B IR
O (X Y|D) = P(@)(X V) f(3xy . —x*—y?) ifx>y
0 ifx<y

Next, we calculate the joint density of R and R, under the

hypothesis O .

Proposition: The joint density

4 3 2 2 2 2 3 H
—— (Y + X7y ) f(y =3x",2xy" +2x7) ify>0
h(x y|o)= P(@)( " )

0 ify<o0

Proof: Suppose x and y are real numbers. Then

P(Rl* <xR; < y|®): P[—A; B < (A—|23)\/§ < y|®}

=P A+B>—2x,A—B<%y|®j

N

—P[B>-2x-AA-Zy< B|@j

3

=P mw(&x—AA—iiy)<M@]

NE]

NmN—Qx—A<A—j£y

V3

¢3—2x+—g—y<2A

NE]

c:JL—x<A

NE

So above

ZP(JL_W<AA_5%y<B<AWJ+P(JL—X2A;2X—A<B<Aﬁ0

NG NG

12



:p(i_x<A,A—%y<B<A,y>O|@j

3 V3

+p(i—xz A-2x-A<B<A-2x-A< A|®J
V3

y 2
=P| =—-x<AA-—
[ £

NE

y < B<A,y>0|@j+ P(L—XZA>—X,—2X—A< B<A|(Dj

NE

:(y>O)P[%—x<A,A—%

+(y>o)P(i—x2A>—x,—2x—A< B< A|@j

NE]

y<B<A|(Dj

:(y>0)J‘Jj_XJ‘;XrgA’B(r,s|@)dsdr+(y>O)I;JrrzfygA,B(r,s|®)dsdr
Thus if y=0, we have

oP(R; <x,R; < y|0)
oy

(>0~ 15 g xsio)es
+(y > O)Ijx—(—%j Oas (r, r —%|@)dr

Ng

“(r70) 1 ol xsio)os

This implies that if y=0,

oP(R’ < xR, <y|0)
OXoy

2
=(y> O)EQA,B(%‘X"%‘ )

Now

13



Ouo(%-%~5-xD)

243

—(y3+9x2y) f (y2 —3x% ,2xy’ +2x3) if = —x>—%—X

={P(D)

0 if%—xs-%—x
2\/§ 3 2 2 2 2 3 H
_ W(y +9X°y) f(y2 -3¢, 2xy* +2x°) ify>0
0 ify <0
Hence

4 3 2 2 2 9 3 )
h(x,y|@)= P—(@)(y +9x y)f(y 3x°,2xy +2x) ify>0
0 ify <0

and the proposition is proved.

14



CALCULATION OF CONDITIONAL DENSITY h(x,y[x)

Definition:

Let K= {(a, b)e R?z°+az+b =0 has 3 distinct real roots}

2 3
:{(a,b)eRz;b—+a—<0} ]
4 27

Note: We assume in the following that P((£.£,)eK)>0.

Proposition: If (a,h)eK and t,eR is a root of

z®+a,z+by=0, then there exists an open (a,b,)-neighborhood
U and a function R:U >R such that
1)  R(ayby)=t,;
2) R has continuous first partial derivatives and
IS continuous in the interior of U ;
3) For each (ab)eU, R(ab) is a root of z’+az+b=0;
4) R 1s the only function on U with all of the
above properties.

Proof: Let F:R°—>R be given by F(abt)=t’+at+b. Then

oF oF oF oF

—(a,bt)=3t*+a, —(abt)=1, and —(abt)=t. Thus F, —,

ot ob oa ot

oF oF - -

5 and a are all continuous near the point (a,hb,.t)). By
a

assumption, t;+agt,+b,=0, so F(ayb,t)=0. Also, (a,h)eK so

the polynomial z°+a,z+b,=0 has no multiple root. Therefore

15



it shares no zeros with its derivative, which is 3z°+a, -
But t, is a zero of z’+a;zz+b,=0, so 3t +a,#0, hence

%(ao,bo,to)io- So by the Implicit Function Theorem, there

exists a positive number h and a function s on the open
set B={(ab)eR?*|a—a,|<h|b-b|<h} such that s(a,,b)=t,, s has
continuous first partial derivatives and 1s continuous on
B, F(a,b,s(a,b)):o when (a,b)eB, and such that s is the only

such function on B. Take U=B and R=s, and the

proposition iIs proved.

Remark: K 1is open in R’ and thus we may find an open

neighborhood U in K and a function f:U —>R with
properties 1) - 4) above if (a,b))eK and t,eR satisfies
2’ +a,z+b, =0 .

Proposition: Let R,R, R,:K >R be given by the conditions

R (ab)>R,(ab)>R,(ab) for (ab)eK and [Ri(a,b)T+a[Ri(a,b)J+b=O
for (a,b)eK and i=123. Then R, R,, and R, are

continuously differentiable on K.

Proof: Fix (a,h,)eK . There exists an open neighborhood

V cK such that (a,b))eV and unique functions S, S,, and

S, on V such that for =123, that S (a,b,)=R(a,b,) and §

16



is continuously differentiable on V, and such that S(a,b)
is a root of Z’+az+b=0 for (ab)eV, and such that S (ab),
S,(a,b), and S,(a,b) are distinct for every (ab)eV . Since

they are continuous on V and S (a;by)>S,(a,b)>S,(a,b,), we

see that there exists an open (a,b,)-nbhd WcV such that

S,(a,b)>S,(a,b)>S,(a,b) for (ab)eW. Thus R =S, R,=S,, R =S,
on W, so R, R,, and R, are continuously differentiable at

(a,,b,) , hence on K.

Definition: Let g:K >R’ be given by g(u,v):(Rl(u,v),Rz(u,v))

Proposition: Rng(g)={(xy);x>0,~ix<y<x}.

Proof: Choose (x,y)eRng(g). Let (uyv)eK be such that
g(uv)=(xy), i.e. R(uv)=x and R,(uv)=y. Suppose that x<O.
Then R, (u,v)<0, so Ry(u,v)<R,(u,v)<R(u,v)<0, hence
0=R;(u,v)+R,(u,v)+R,(u,v)<0, which is absurd. Hence x>0.
Next, y=R,(u,v)<R(uv)=x so y<x. Next, suppose that
-3X>y. Then

R,(u,v)=y<-ix<-x-y=-R (u,v)-R,(uv)=R,(u,v)<R,(u,v), which is
absurd. Hence -ix<y<x.

Conversely, suppose that (x,y) is such that x>0 and

-iXx<y<x. Note that

17



23—(x2+xy+y2)2+xy(x+y)z(z—x)(z—y)(z+x+y) has zeros x, y,
-Xx—y. Since —-x<y<x, we see that x>y>-x-y. Since the
roots are distinct, it follows that (—xz—xy—yz,xy(x+y))eK )
Hence Rl(—xz—xy—yz,xy(x+y)):x and RZ(—xz—xy—yz,xy(x+y)):y,
thus g(—x*-xy—y%xy(x+y))=(x,y), hence (x,y)eRng(g), and the

proposition is proved.

Proposition: g:K —->R”? is continuously differentiable on K.

Proof: Follows immediately from the fact that R and R, are

continuously differentiable on K.

Proposition: g:K—>R? is 1 — 1 on K.

Proof: Suppose g(u,Vv,)=9(u,v,) For some (uyV,),(u,v,)eK . Then
R, (Ug. Vo) =R (u,v;) and R,(uyV)=R,(u,v,). Next,
R; (Ug, Vo) = =Ry (Ug, Vo ) — Ry (Ug, Vo ) =—Ry (U, v, ) =R, (U, v, ) = Ry (U, v, ) - Next,

Ug = Ry (Ug, Vo ) R, (Ug, Vo )+ Ry (Ug, Vo ) Ry (Ug, Vo )+ R, (Ug, Vo ) Ry (Ug, Vo)
= R1(U1’V1) R, (ul’V1)+ R1(U11V1) R, (u1’V1)+ R, (ul’vl) R, (ul’vl) =U,

Also, Vy=-R (U, Vy)R, (Uy, V) Ry (Ug, Vg ) =—Ry (U, vy ) R, (Uy, vy ) Ry (U, vy ) = v,
Hence (u,,V,)=(u,v,), and therefore g is 1 — 1 on K.

Proposition: g is invertible on g(K), and ¢g*:g(K)—>K is

given by g™ (x, y):(—x2 —xy—y°,xy(x+ y)) ]

18



Proof: Suppose (x,y)eg(K). Then there exists a unique
(uv)eK such that R (u,v)=x and R,(u,v)=y. Then
R;(u,v)=-R,(u,v)-R,(u,v)=—x—y . Hence

u=R (u,V)R, (u,v)+R (u,v)Ry(u,v)+R, (u,v)R;(u,v)
=()(Y)+ () (=x=y)+(¥)(-x=y) ==X —xy-y*

and

V=—R (u,V)R, (u,V)Ry (u,v) ==(x)(y)(—x—y)=xy(x+Y) -

-1

Remark: g™ 1is continuously differentiable on g(K).

Proposition: The Jacobian of the transformation g*:g(K)—>K

is the map J:g(K)—>R given by J(xy)=—(x-y)(2x+y)(x+2y).

og," 09,

OX —2X — —X-2
Proof: J(xy)= Y . y2 , J
- og,t 09, [2Xy+yT XT+2xy

OX oy

(=2x=y)(X* +2xy)—(—x=2y)(2xy +y?)
(=2x=y)(x)(x+2y)—(—x=2y)(y)(2x+y)=—(x—y)(2x+ y)(x+2y)

Proposition: 0¢Rng(J)

Proof: Fix (x,y)eg(K). Then x>0 and -ix<y<x. x-y>0

since x>y. 2x+y>0 because 2x+y>2x+(-3x)=2x>0. x+2y>0
because x+2y>x+2(-1x)=0. Hence J(xy)<0, thus 0gRng(J)._

Proposition: If the joint density f of (£,,) is continuous

19



on K and 1f S i1s any closed, bounded subset of g(K) which
has area, then

P(R(&:&) R (£.5))eS)
I )(2x+y)(x+2y) f (=X* =xy—y?, xy(x+y))dxdy

S

Proof: Let f and S be as above. Then note that

0 eOi(R(&(0).4 ()R, (&(0).& (@) 5]

={0ei(4(0).5(0) €K g(4(0).&(w))eS)
={Q,EQ;(§1(Q)),§2(Q)))E K (51( )& (@ )) S}
~{oei((0).4 ()< gs]

P((R68) Ru(5:8)8)= [T F(0v)duon

= [[ 1 (g (xy). 02 (x ) (x.y) \dxdy

where g™ (xy)=(g"(x¥).95'(x.y)) -

Substitution iIn the above integral yields

_U f (—x2 —Xxy =y, xy(x+ y))(x— y)(2x+y)(x+2y)dxdy ,

which 1s the desired result.

Remark: If f is continuous and S is closed and bounded but

does not meet g(K), then P((R(&,&).R,(4.5))eS)=0. This is

because
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Theorem: If the joint density f of (gjé) IS continuous on

K and if S is any measurable subset of R?, then

P((R, eiéz m)) s)
H —y)(2x+y)(x+2y) f (=X* —xy—y*, xy(x+y))dxdy

Theorem: If the joint density f of (,¢,) is continuous on

K, then the joint conditional density h(xy|K) for

(R(&.4).R,(&.4,)) 1s given by

(x—y)(2x+y)(x+2y)
(xyf)={  P(K)

f(—xz—xy—y{xybv+y» if (x,y)eg(K)
0 if (x,y)¢eg(K)

except possibly on a set of measure zero.
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SUMMARY

We have found that

h(x,y|(1))=%@)(y3 +9x°y) f(y2=3x%,2xy* +2°) (y>0)

(x—y)(2x+y)(x+2y)
P(%)

h(x y[x)= f (=X —xy—y*x°y +xy%) (x>0,—ix<y<x)
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